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Hamiltonian theory of adiabatic motion of relativistic charged particles
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Department of Chemistry and Physics, Saint Michael’s College, Colchester, Vermont 05439
A general Hamiltonian theory for the adiabatic motion of relativistic charged particles confined
by slowly-varying background electromagnetic fields is presented based on a unified Lie-transform
perturbation analysis in extended phase space (which includes energy and time as independent
coordinates) for all three adiabatic invariants. First, the guiding-center equations of motion for a
relativistic particle are derived from the particle Lagrangian. Covariant aspects of the resulting
relativistic guiding-center equations of motion are discussed and contrasted with previous works.
Next, the second and third invariants for the bounce motion and drift motion, respectively, are
obtained by successively removing the bounce phase and the drift phase from the guiding-center
Lagrangian. First-order corrections to the second and third adiabatic invariants for a relativistic
particle are derived. These results simplify and generalize previous works to all three adiabatic
motions of relativistic magnetically-trapped particles.
PACS numbers: 45.20.Jj, 52.27.Ny, 94.05.-a
I. INTRODUCTION
The concept of the adiabatic motion of a charged particle in magnetic fields is important to research in space
plasma physics and fusion physics [1, 2]. Depending on the confining magnetic geometry, a particle may display
three quasi-periodic or periodic motions. The fastest of these three motions is the gyromotion about a magnetic
field line (with frequency ωg). The second motion exists when a particle bounces along a magnetic field line between
two mirror points (with frequency ωb), because of nonuniformity along magnetic field lines. The slowest motion is
the drift motion across magnetic field lines (with frequency ωd) caused by perpendicular magnetic gradient-curvature
drifts. In space physics (and especially in radiation-belt physics [3]), these frequencies are widely separated such that
ωg : ωb : ωd ∼ ǫ
−1 : 1 : ǫ, where ǫ ≪ 1 is a small dimensionless ordering parameter to be defined below. Associated
with each periodic orbital motion, there exists a corresponding adiabatic invariant. We use µ, Jb and Jd for the three
2invariants constructed in this work; to be consistent, we may also use Jg = (mc/q)µ, where m is the particle’s rest
mass and q its charge.
The theory of the adiabatic motion of charged particles in electromagnetic fields has been well developed by Northrop
[1]. However, the non-Hamiltonian method used by Northrop resulted in dynamical equations that do not possess
important conservation properties like energy conservation in static fields, because of the absence of higher-order terms
from Northrop’s equations. In later work, Littlejohn [4] used a noncanonical phase-space transformation method,
based on Lie-transform perturbation analysis, to obtain the Hamiltonian formulation of guiding-center dynamics for
nonrelativistic particles. By asymptotically removing the dependence on the gyrophase, the first invariant Jg =
(mc/q)µ is obtained from the guiding-center Lagrangian by Noether’s theorem. The resulting Hamiltonian guiding-
center equations of motion conserve total energy for motion in static fields. In the present work, we use the Lie-
transform perturbation analysis to develop a systematic Hamiltonian theory for relativistic guiding-center motion
in weakly time-dependent electromagnetic fields. Our relativistic guiding-center equations of motion are expressed
in semi-covariant form [5], which simplifies the previous work by Grebogi and Littlejohn [6] (who extended their
relativistic guiding-center equations to include ponderomotive effects associated with the presence of high-frequency
electromagnetic waves) and generalizes earlier work by Brizard and Chan [7] (who considered guiding-center motion
of a relativistic particle in static magnetic fields).
The derivation of relativistic guiding-center dynamics begins with the removal of the gyrophase dependence from
the particle phase-space Lagrangian. Since the condition for these periodic motions to exist is that the time variations
of the forces a particle experiences should be slow compared to the particle’s motion, we assume first that the
electromagnetic fields vary on the drift timescale. Thus we shall construct the first and second adiabatic invariants
from the particle’s motion. While this ordering is not the most general case, it is the most common one in practice [4].
This procedure gives us the reduced six-dimensional guiding-center Lagrangian and the first invariant Jg. Based on
the guiding-center Lagrangian, we further remove the bounce phase and obtain the bounce-averaged guiding-center
(or bounce-center) motion. The bounce-center Lagrangian for nonrelativistic particles has been derived by Littlejohn
[8], who at the same time constructs the second invariant Jb and the first-order correction to the second adiabatic
invariant. The present work generalizes results of Littlejohn [8] and Brizard [9, 10] for relativistic particles. After
we obtain the bounce-center Lagrangian, we change the time-scale ordering of the background fields so that the
perturbation analysis can be applied to the drift motion. We assume that the background fields vary on a time scale
much slower than the drift time period when we derive the drift-center motion. By drift averaging the bounce-center
3Lagrangian and removing the drift phase, we obtain the drift invariant Jd and the first-order correction to the third
adiabatic invariant.
The remainder of the paper is organized as follows. In Sec. II, we derive the guiding-center equations of motion and
the guiding-center Lagrangian for relativistic particles moving in slowly-varying electromagnetic fields. This Section
generalizes previous work [4] for nonrelativistic particles and earlier work by Brizard and Chan [7] for relativistic
particles moving in static magnetic fields only. In addition, by introducing effective covariant potentials, we also
simplify the relativistic guiding-center equations of motion of Grebogi and Littlejohn [6]. In Sec. III, we extend
the work in Sec. II and use the Lie-transform method to obtain the bounce-center Lagrangian. The first-order
correction to the second adiabatic invariant is automatically obtained in this process. In Sec. IV, we assume that the
electromagnetic fields vary on a time scale much slower than drift period and use a third Lie transform to remove
the drift-phase dependence of the system and obtain the first-order correction to the third adiabatic invariant. A
summary and comments on further work are given in Sec. V.
II. RELATIVISTIC GUIDING-CENTER DYNAMICS
This Section presents the guiding-center equations of motion for a relativistic particle moving in slowly-varying
background electromagnetic fields derived by the Lie-transform method. As the first step of the Lie transform, we
show the ordering of the background fields, then we obtain the guiding-center Lagrangian which is later used to derive
the guiding-center equations of motion and also to obtain the bounce-center Lagrangian in Sec. III.
A. Background-field orderings
Following the work of Littlejohn [4], we use the small parameter ǫ ≡ ρ0/L0 ≪ 1 to order the background fields,
where ρ0 is the typical gyroradius and L0 is the scale length of background fields. In dimensional units, ǫ scales as
m/q. We introduce the small parameter ǫ by denoting the physical electric field by Eph, and we assume that the
Eph ×B drift is of O(ǫ) compared to the particle’s thermal speed [4, 6], and that the background fields Eph and B
vary on a time scale comparable to the drift period; i.e., ∂/∂t ∼ O(ǫ). To indicate the order of a term explicitly by
its ǫ factor, we set Eph = ǫE, Φph = ǫΦ and t1 = ǫt, where Φph is the physical electric potential. Thus E×B ∼ O(1),
∂/∂t1 ∼ O(1), and physical results are obtained by setting ǫ = 1.
4B. Preliminary coordinate transformation
With the ordering of background fields given above, the particle phase-space Lagrangian one-form [11] in slowly-
varying background electromagnetic fields is written in terms of extended (position, momentum; time, energy) phase-
space coordinates z ≡ (x,p; t,Wp) as
Γp =
[
1
ǫ
q
c
A(x, t1) + p
]
· dx − Wp dt − Hp dσ, (1)
where subscript ‘p’ denotes particle variables and Hp = Hp −Wp is the extended particle Hamiltonian, with Hp =
γmc2 + qΦ(x, t1) the Hamiltonian in regular phase space. Here, the physical dynamics takes place on the surface
Hp = 0, the guiding-center relativistic factor is γ ≡
√
1 + |p/mc|2, and σ is an orbit parameter.
To show the dependence of Γp on the gyrophase explicitly, we decompose the relativistic momentum p according
to
p = p‖0b̂+
√
2mµ0B ĉ, (2)
where p‖0 ≡ p · b̂ is the component of the relativistic momentum parallel to B, µ0 ≡ |p⊥|
2/2mB will be shown to be
the lowest-order term in the asymptotic expansion of an adiabatic invariant and ĉ is the perpendicular unit vector.
The local momentum coordinates (p‖0, µ0, θ0) [7] are then defined, where θ0 is the instantaneous gyrophase implicitly
defined by the following relations [4]
â = cos θ0 ê1 − sin θ0 ê2
ĉ = − sin θ0 ê1 − cos θ0 ê2
 , (3)
where ĉ is defined by Eq. (2), â = b̂× ĉ, and (ê1, ê2, ê3) forms an arbitrary right-handed unit-vector set with ê3 ≡ b̂.
Substituting Eq. (2) into Eq. (1) yields the Lagrangian written in local momentum coordinates
Γp =
[
1
ǫ
q
c
A(x, t1) + p‖0b̂+
√
2mµ0B ĉ
]
· dx
−Wp dt − Hp dσ. (4)
Now γ ≡
√
1 + 2µ0B/mc2 + (p‖0/mc)
2 and Γp is a function of the preliminary phase-space coordinates
(x, p‖0, µ0, θ0; t,Wp). Next, we will use a Lie transform to remove the gyrophase dependence from the particle
Lagrangian (4).
5C. Guiding-center Lagrangian for a relativistic particle
A Lie transform from the preliminary coordinates z = (x, p‖0, µ0, θ0; t,Wp) to the guiding-center coordinates Z ≡
(X, p‖, µ, θ; t,Wg) is used to remove the gyrophase dependence of Γp. Here we use subscript ’g’ to refer to guiding-
center dynamics. For brevity, the steps of the guiding-center Lie transform are omitted here, but the interested reader
may consult Ref. [12] for details. The resulting guiding-center Lagrangian in extended guiding-center phase-space
coordinates (X, p‖, µ, θ; t,Wg) is
Γg =
[
1
ǫ
q
c
A(X, t1) + p‖b̂(X, t1) +O(ǫ)
]
· dX
+ ǫ
mc
q
µ dθ − Wg dt − Hg dσ, (5)
where the extended guiding-center Hamiltonian Hg = Hg −Wg, with the lowest-order regular Hamiltonian
Hg = γ mc
2 + qΦ(X, t1) (6)
≡ mc2
√
1 + 2µB/mc2 + (p‖/mc)2 + qΦ(X, t1).
Here, the guiding-center coordinates are related to the preliminary coordinates and are given to lowest order in ǫ by
p‖ = p‖0, µ = µ0, θ = θ0, Wg =Wp, and
X = x− ǫρ, (7)
where
ρ(µ0, θ0) ≡
c
q
√
2mµ0
B
â (8)
is the gyroradius vector in guiding-center coordinates. Note that because of the slow-time dependence, the differences
between the guiding-center Lagrangian (5) and that of Ref. [7] are the electric potential and the time-changing
variables, which give us extra second-order terms in the guiding-center equations of motion.
D. Guiding-center equations of motion
Having found the relativistic guiding-center Lagrangian (5), we now solve for guiding-center equations of motion
using Euler-Lagrange equations [13]. For a Lagrangian Lg, which is related to Γg in Eq. (5) by Γg ≡ Lg dσ, written
in extended guiding-center phase-space coordinates Zν , the Euler-Lagrange equation is
d
dσ
(
∂Lg
∂Z˙ν
)
−
∂Lg
∂Zν
= 0, (9)
6where Z˙ν = dZ/dσ. The equations of motion for t and Wg are
t˙ =
dt
dσ
= −
∂Hg
∂Wg
= +1, (10)
which indicates that t and σ can be identified, and the time rate change of energy
W˙g = q
∂Φ∗
∂t1
−
q
c
X˙ ·
∂A∗
∂t1
, (11)
where we replaced σ by t because of Eq. (10). Here, the effective potentials Φ∗ and A∗ are defined as Φ∗
ǫ−1A∗
 =
 Φ
ǫ−1A
 + mc
q
 γc
γv‖b̂
 , (12)
where the second term on the right side represents the covariant parallel two-flat decomposition of the relativistic
guiding-center four-velocity [5].
Applying the Euler-Lagrange equation (9) to other guiding-center phase-space coordinates (X, p‖, µ, θ), we first
have b̂ · X˙ = p‖/(γ m), showing the parallel motion of the guiding center; secondly, θ˙ = ǫ
−1qB/(γ mc), showing the
fast gyromotion, and µ˙ = 0, which proves that µ is an invariant of the guiding-center motion (here, a dot means a
total derivative with respect to t). Finally, the relativistic guiding-center equations for X˙ and p˙‖ are
X˙ =
p‖
γm
B∗
B∗‖
+ ǫE∗ ×
cb̂
B∗‖
(13)
p˙‖ = qE
∗
·
B∗
B∗‖
, (14)
where the effective fields (E∗,B∗) are defined in terms of the potentials (12) as
B∗ ≡ ∇×A∗ = B+ ǫ
cp‖
q
∇× b̂, (15)
and
E∗ ≡ −
1
c
∂A∗
∂t1
−∇Φ∗ = E−
ǫ
q
(
p‖
∂b̂
∂t1
+mc2∇γ
)
, (16)
where
B∗‖ ≡ B
∗
· b̂ = B + ǫ(cp‖/q)b̂ ·∇× b̂, (17)
and ∇γ = (µ/γmc2)∇B. Equation (13) shows that the guiding-center velocity consists of the parallel motion along a
field line, the E×B, gradient-B and curvature drifts. The curvature drift here is hidden in the first term on the right
side of Eq. (13) and the gradient drift and the E×B drift are contained in the second term. Equation (14) represents
7the parallel force along a field line, which according to Eq. (16) consists of two parts: one from the parallel electric
field and the other from the magnetic mirror force. Note that the first-order term in Eq. (16) gives second-order terms
in the guiding-center equation of motion, which are important to the conservation properties of the guiding-center
motion.
We immediately note the simplicity of the relativistic guiding-center equations of motion (13) and (14), expressed
in terms of the covariant effective potentials (12), compared to the relativistic guiding-center equations of motion of
Grebogi and Littlejohn (GL) [6], who used the scalar potential Φ instead of the covariant potential Φ∗. We recover the
GL relativistic guiding-center equations of motion by substituting qE∗ = qE∗GL − ǫ (µ/γ)∇B in Eqs. (13)-(14). We
also point out that, in contrast to Boghosian’s manifestly-covariant formulation for relativistic guiding-center motion
[5], our “1+ 3” semi-covariant formulation treats time separately from the other phase-space coordinates and uses an
energy-like Hamiltonian (instead of the Lorentz-invariant covariant Hamiltonian).
If the fields are static, then Eq. (11) shows conservation of energy automatically. Also, the relativistic guiding-center
Eqs. (13)-(14) satisfy the Liouville theorem
∂B∗‖
∂t
+∇ ·
(
B∗‖X˙
)
+
∂
∂p‖
(
B∗‖ p˙‖
)
= 0, (18)
which ensures that guiding-center phase-space volume is conserved by the guiding-center dynamics. We prove Eq. (18)
explicitly as follows. First, we easily obtain from Eqs. (13) - (14)
∂B∗‖
∂t
= b̂ ·
∂B∗
∂t
+B∗ ·
∂b̂
∂t
, (19)
∇ ·
(
B∗‖X˙
)
= c
(
b̂ ·∇×E∗ −E∗ ·∇× b̂
)
+
p‖
m
B∗ ·∇(γ−1), (20)
∂
∂p‖
(
B∗‖ p˙‖
)
= q
(
∂E∗
∂p‖
·B∗ +E∗ ·
∂B∗
∂p‖
)
. (21)
Next, we insert
∂E∗
∂p‖
= −
p‖
mq
∇(γ−1)−
1
q
∂b̂
∂t
, (22)
∂B∗
∂p‖
=
c
q
∇× b̂, (23)
and
∂B∗
∂t
= −c∇×E∗ (24)
in Eqs. (19)-(21) to find that Eq. (18) is satisfied exactly, where we have set ǫ = 1 in Eqs. (18)-(24).
8III. HAMILTONIAN THEORY OF BOUNCE-CENTER DYNAMICS
To obtain the bounce-center Lagrangian, we preform a Lie transform on the relativistic guiding-center Lagrangian (5)
to remove the bounce-phase dependence. This Lie transform leads to construction of the second adiabatic invariant
and gives the first-order correction to the second adiabatic invariant directly. The nonrelativistic bounce-center
Lagrangian has been derived by Littlejohn [8], and the present work generalizes previous results to the relativistic
case.
A. Preliminary coordinate transformation
We first drop the term ǫ(mc/q)µdθ in the extended guiding-center Lagrangian (5), which means we are now consid-
ering a six-dimensional system parametrized by constant-µ surfaces. Also we separate the extended Hamiltonian Hg
from the symplectic part of the extended phase-space Lagrangian (5) (as in Eq. (26) below). We then perform a coor-
dinate transformation from X to (α, β, s), where (α, β) are the usual Euler potentials such that B = ∇α×∇β = Bb̂,
and s is the position along a field line labeled by (α, β), with b̂ = ∂X/∂s. We choose the vector potential A = α∇β,
write
dX =
∂X
∂α
dα +
∂X
∂β
dβ + b̂ ds+
∂X
∂t1
dt1, (25)
and we write the (symplectic part of the) guiding-center Lagrangian (5) order by order as
Γg =
1
ǫ
∞∑
n=0
ǫnΓgn, (26)
where
Γg0 =
q
c
αdβ −Kgdt1, (27)
and the modified guiding-center energy coordinate
Kg ≡Wg +
q
c
α
∂β
∂t1
. (28)
Eq. (28) introduces a change to the extended HamiltonianHg = Hg−Kg, where the lowest-order ordinary Hamiltonian
Hg is Hg0 = qΦ
∗+(q/c)α ∂β/∂t1. It is also useful to follow Littlejohn [8] by using a 2-vector y with y1 = α, y2 = β,
together with the two-dimensional Levi-Civita symbol ηab, where a, b runs overs 1 and 2. The components of ηab are
given by η11 = η22 = 0 and η12 = −η21 = 1.
9Before considering the first-order term Γg1 in Eq. (26) written in coordinates (y, s), we make the usual assumption
about the lowest-order motion that, with coordinates (y, t1) frozen, the bounce motion in (s, p‖) space is periodic [9].
Thus, using the Hamilton-Jacobi theory [13], we construct the action-angle canonical variables (Jb0, ψb0) corresponding
to the periodic bounce motion. Then
Jb0(α, β, µ; t,Kg) =
1
2π
∮
p‖ds, (29)
and ωb0 is the lowest-order angular bounce frequency, defined by ω
−1
b0 = ∂Jb0/∂Kg. The bounce-phase angle ψb0 is
canonically conjugate to Jb0. Also, the following relation holds for the true motion:
∂s
∂ψb0
∂p‖
∂Jb0
−
∂s
∂Jb0
∂p‖
∂ψb0
= 1, (30)
since the transformation from (p‖, s) to (Jb0, ψb0) is canonical. At lowest order, Jb0 is an invariant of motion. When
higher-order terms are included and (y, t1) are allowed to evolve, we will show that ˙Jb0 = O(ǫ). The symmetry of
the unperturbed motion has been pointed out by Littlejohn [4], and we will directly use this result to simplify the
expression of the first-order correction to the second adiabatic invariant.
Using the coordinates Zµ0 = (y, Jb0, ψb0, t1,Wb0), the first order guiding-center Lagrangian in Eq. (26) has the
components
Γg1µ = p‖b̂ ·
∂X
∂Zµ0
≡ p‖ bµ, (31)
and we will omit subscripts of Jb0 and ψb0 when they themselves are subscripts. Note that in covariant form,
b̂ = ∇s+ ba∇ya. These expressions will be further simplified with the second coordinate transformation from (p‖, s)
to (Jb0, ψb0).
B. Coordinate Transformation from (p‖, s) to (Jb0, ψb0)
To simplify components of Γg1 defined in Eq. (31), we perform a coordinate transformation from (p‖, s) to (Jb0, ψb0)
by adding a gauge term dGb to Γg1 (i.e., Γ
′
g1 = Γg1+dGb) to eliminate the J-component (Γ
′
g1J = 0). Thus we choose
Gb to be
Gb = −
∫ Jb0
0
dJ ′ Γg1J(t1, ψb0, J
′, y). (32)
Also, the ψ-component Γ′g1ψ = Γg1ψ + ∂Gb/∂ψb0 becomes
Γ′g1ψ =
∫ Jb0
0
dJ ′
[
∂
(
p‖ bψ
)
∂J ′
−
∂
(
p‖ bJ
)
∂ψb0
]
= Jb0, (33)
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where we have used Eq. (30) to get the second equality and used Γg1J = 0 at Jb0 = 0 (since p‖ = 0).
Similarly, the other components of Γ′g1 are
Γ′g1a =
∫ Jb0
0
dJ ′
[
∂
(
p‖ ba
)
∂J ′
−
∂
(
p‖ bJ
)
∂ya
]
≡ Fa, (34)
and
Γ′g1t1 =
∫ Jb0
0
dJ ′
[
∂
(
p‖ bt
)
∂J ′
−
∂
(
p‖ bJ
)
∂t1
]
≡ Ft1 . (35)
Combining Eqs. (33) - (35), the new first-order guiding-center Lagrangian is
Γ′g1 = Fa dya + Jb0 dψb0 + Ft1dt1. (36)
The Euler-Lagrange equation [see Eq. (9)] for Jb0 obtained from Γ
′
g = Γg0 + ǫΓ
′
g1 ≡ L
′
gdσ is
dJb0
dt
=
∂Fa
∂ψb0
y˙a + ǫ
∂Ft1
∂ψb0
+O(ǫ2), (37)
where to lowest order
y˙a = ǫ
c
q
ηab
∂Hg0
∂yb
. (38)
For later use, we now write the first two terms of the guiding-center Lagrangian [Eq. (26)] in coordinates
(α, β, Jb0, ψb0; t1,Kg) with the prime dropped,
Γg0 =
q
c
αdβ −Kgdt1, (39)
Γg1 = Fadya + Jb0dψb0 + Ft1dt1, (40)
and the lowest order Hamiltonian is
Hg = Hg0 −Kg. (41)
With these coordinate transformations and Lagrangian, we do a Lie transform to remove the bounce-phase depen-
dence from Γg and obtain the bounce-center Lagrangian Γb.
C. Lie transform in extended phase-space coordinates
The bounce-center dynamics are obtained using the Lie transform in extended phase-space coordinates. The
bounce-center Lagrangian and Hamiltonian are constructed order by order
Γb = Γb0 + ǫΓb1 + ǫ
2Γb2 + · · · , (42)
Hb = Hb0 + ǫHb1 + ǫ
2Hb2 + · · · , (43)
11
where the terms on the right-hand side of Eq. (42) are
Γb0 = Γg0, (44)
Γb1 = Γg1 − i1 · Ωg0 + dS1, (45)
Γb2 = −i2 · Ωg0 − i1 · Ωg1
+
i1
2
· d(i1 · Ωg0) + dS2, (46)
and the first two terms in Eq. (43) are
Hb0 = Hg0, (47)
Hb1 = Hg1 − g1 · dHg0. (48)
The term in · Ωg = g
µ
n(Ωg)µνdZ
ν in Eqs. (45) - (46) and the term gn · dHg = g
µ
n · ∂Hg/∂Z
µ in Eq. (48) are expressed
in terms of the nth-order Lie-transform generating vector gn and gauge function Sn, where
(Ωg)µν ≡ [Z
µ, Zν ] =
∂Γgν
∂Zµ
−
∂Γgµ
∂Zν
(49)
is the Lagrange bracket between Zµ and Zν.
D. Bounce-center motion in coordinates (Y, Jb, ψb; t,Kb)
Following the Lie-transform procedure described in Eqs. (44)-(48), we first have the lowest-order Lagrangian and
Hamiltonian
Γb0 =
q
c
YαdYβ −Kbdt1, (50)
Hb0 = Hb0 −Kb, (51)
where (Yα, Yβ) represent the bounce-center coordinates Y, and Hb0 has the same functional dependence on the
bounce-center coordinates (Y, Jb, t) as Hg0 on the guiding-center coordinates (y, Jb0, t).
The first-order bounce-center Lagrangian (45) then becomes
Γb1 = (−g
b
1Ωab0 + Fa)dya + Jb0 dψb0 + (Ft1 + g
K
1 )dt1, (52)
where Ωab0 = −(q/c)ηab and we choose S1 = 0 in Eq. (45). Requiring Γb1a = 0 and Γb1t1 = 0 gives us
ga1 = −
c
q
ηabFb, (53)
gK1 = −Ft1 . (54)
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The first-order Hamiltonian then is given by
Hb1 = −g
a
1
∂Hg0
∂ya
− gJ1 ωb0 + g
K
1 , (55)
since Hg1 = 0 in Eq. (48). With Eqs. (53), (54), and the requirement H˜b = 0, where a tilde in this section denotes
the bounce-phase oscillatory part, we have
g˜J1 =
1
ωb0
(
−F˜t1 +
c
q
ηabF˜b
∂Hg0
∂ya
)
, (56)
and
Hb1 =
c
q
ηab〈Fb〉
∂Hg0
∂ya
− 〈gJ1 〉ωb0 − 〈Ft1〉, (57)
where 〈· · · 〉 denotes a bounce-phase average. It has been shown in Ref. [8] that Fa and Ft1 are odd in ψb0, and thus
we have 〈Fa〉 = 0 and 〈Ft1〉 = 0. Equation (57) then becomes
Hb1 = −〈g
J
1 〉ωb0. (58)
To obtain gψ1 and the bounce-phase averaged part of g
J
1 needed in Eq. (58), we need to go to the second-order Lie
transform of the Lagrangian. The ψb0 part and the Jb0 part of the second order Lagrangian Γb2 are
Γb2ψ =
∂S2
∂ψb0
− gJ1 −
1
2
c
q
ηabFb
∂Fa
∂ψb0
, (59)
Γb2J =
∂S2
∂Jb0
+ gψ1 −
1
2
c
q
ηabFb
∂Fa
∂Jb0
. (60)
To make Jb the exact invariant, we require that Γb2ψ = 0. Taking the bounce-averaged part of Eq. (59) and using
〈S2〉 = 0, we have 〈g
J
1 〉 = 0, since ∂Fa/∂ψb0 is even in ψb0, and thus 〈Fb ∂Fa/∂ψb0〉 = 0. This result indicates that
Eq. (58) becomes Hb1 = 0.
The bounce-phase dependent part of Eq. (59) is solved to give the gauge function
S2 =
∫
dψb0
(
gJ1 +
1
2
c
q
ηabFb
∂Fa
∂ψb0
)
, (61)
where gJ1 = g˜
J
1 is given in Eq. (56).
Inserting S2 into Eq. (60) and requiring Γb2J = 0, such that Jb and ψb are exact conjugate coordinates, gives us
gψ1 =
1
2
c
q
ηabFb
∂Fa
∂Jb0
−
∂S2
∂Jb0
. (62)
Thus we obtain the bounce-center Lagrangian and Hamiltonian
Γb =
1
ǫ
q
c
YαdYβ + Jbdψb −Kbdt, (63)
Hb = Hb0 +O(ǫ
2), (64)
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where the bounce-center coordinates (Y, Jb, ψb; t,Kb) are given by
Ya = ya − ǫ
c
q
ηabFb +O(ǫ
2), (65)
Jb = Jb0 + ǫg
J
1 +O(ǫ
2), (66)
ψb = ψb0 + ǫg
ψ
1 +O(ǫ
2), (67)
Kb = Kg − ǫFt1 +O(ǫ
2), (68)
with time t an invariant under the transformation. Note from Eq. (65) that Fa in bounce-center dynamics plays a
role similar to the gyroradius vector ρ in guiding-center dynamics [Eq. (7)]; i.e., Fa may be interpreted as a “bounce
radius” 2-vector. Also from Eq. (68), Ft1 is the oscillatory part of the guiding-center energy coordinate Kg.
The bounce-center equations are then
Y˙a = ǫ
c
q
ηab
∂Hb
∂Yb
, (69)
ψ˙b =
∂Hb
∂Jb
, (70)
J˙b = 0, (71)
K˙b =
∂Hb
∂t
. (72)
Thus we see that Jb is the exact invariant for the bounce motion.
In Eq. (56), g˜J1 = g
J
1 denotes the first-order correction to the second adiabatic invariant Jb0. This first-order
correction can also be directly obtained from Ref. [1], where Northrop shows that
dJb0
dt
= ω−1b0
[q
c
(
〈α˙〉β˙ − α˙〈β˙〉
)
+
(
K˙g − 〈K˙g〉
)]
, (73)
written using our notation. Since
dJb
dt
=
dJb0
dt
+ ǫ
dJb1
dt
+ · · · = 0, (74)
and to lowest order, we have 〈dJb0/dt〉 = 0, thus
J˜b1 = −ω
−1
b0
∫
dJb0
dt
dψb0
= −ω−2b0
∫
dψb0
[q
c
(
〈α˙〉β˙ − α˙〈β˙〉
)
+
(
K˙g − 〈K˙g〉
)]
. (75)
Since we have shown that Jb1 (i.e., g
J
1 ) is purely oscillatory, we have Jb1 = J˜b1. Littlejohn [8] has shown, for the
nonrelativistic case, that the right hand side of Eq. (75) is equal to the right hand side of Eq. (56), but this result
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also holds for the relativistic case because the equations have the same functional form. We also note, as pointed out
by Littlejohn [8], that the Lie-transform approach is more straightforward than the method used in Ref. [14], which
derives the first-order correction to the second adiabatic invariant for nonrelativistic particles in a static magnetic
field.
IV. HAMILTONIAN THEORY OF DRIFT-CENTER DYNAMICS
Starting from the bounce-center Lagrangian (63), we now derive the drift-averaged bounce-center Lagrangian, or
the drift-center Lagrangian. Similar to the analysis given in Sec. III, this procedure leads to the first-order correction
to the third adiabatic invariant automatically.
To apply the adiabatic theory to the drift motion, electromagnetic fields must vary on a time scale much slower
than the drift period; i.e., ∂/∂t ∼ ǫ2. We start from the bounce-center Lagrangian (63) with term Jbdψb dropped,
which means we are now considering a two-dimensional motion parametrized by the constants Jg and Jb. We set
t2 ≡ ǫ
2t and the resulting bounce-center Lagrangian is
Γb =
1
ǫ
q
c
αdβ −
1
ǫ2
Kbdt2 ≡
1
ǫ2
(ǫ α¯dβ −Kbdt2) , (76)
where we henceforth use Y = (α, β) and replaced qα/c by α¯ in the last expression.
We now make the usual assumption for the lowest-order motion that in a static field, or with parameter t2 frozen,
the orbit of the particle is closed and hence the drift motion of the particle is periodic [1]. Thus the coordinates
(α¯, β) play a role in drift-center dynamics similar to that of as the coordinates (p‖, s) in bounce-center dynamics. The
Hamilton-Jacobi theory again gives us the action-angle variables from canonical coordinates (α¯, β) as
Jd0(Kb, t) =
1
2π
∮
α¯dβ, (77)
and ω−1d0 = ∂Jd0/∂Kb is the lowest-order angular frequency of the drift motion. Here we use ’d’ to represent drift
motion variables. The canonically-conjugate coordinate of Jd0 is the drift phase ψd0. The change from coordinates
(α¯, β) to (Jd0, ψd0) is canonical, thus we have
∂α¯
∂Jd0
∂β
∂ψd0
−
∂α¯
∂ψd0
∂β
∂Jd0
= 1, (78)
which is also valid for the true motion.
For the lowest-order motion, Jd0 is a constant, but with time t unfrozen and higher-order terms included in the true
motion, Jd0 is no longer an invariant for the drift motion and it will be shown that dJd0/dt = O(ǫ
2). Thus we first
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do a coordinate transformation from (α¯, β) to (Jd0, ψd0) and then use a Lie transform to construct the true invariant
Jd for the drift motion.
A. Preliminary coordinate transformation
Similar to the construction of the bounce-center dynamics in Sec. III, we first change coordinates from (α¯, β) to
(Jd0, ψd0). Substituting
dβ =
∂β
∂Jd0
dJd0 +
∂β
∂ψd0
dψd0 +
∂β
∂t2
dt2, (79)
which is similar to Eq. (25), into Eq. (76) gives
ǫ2Γb = ǫα¯
∂β
∂Jd0
dJd0 + ǫα¯
∂β
∂ψd0
dψd0 −
[
Kb − ǫα¯
∂β
∂t2
]
dt2, (80)
which gives the lowest- and first-order bounce-center Lagrangians
Γb0 = −Kbdt2, (81)
Γb1 = α¯
∂β
∂Jd0
dJd0 + α¯
∂β
∂ψd0
dψd0 + α¯
∂β
∂t2
dt2. (82)
Similar to Eq. (32), we perform a gauge transformation on Γb1; i.e., Γ
′
b1 = Γb1 + dGd, such that
Γ′b1J = 0 and Γ
′
b1ψ = Jd0, (83)
where we have again omitted the subscripts of Jd0 and ψd0 when they themselves are subscripts. From Eq. (83), we
choose Gd as
Gd = −
∫ Jd0
0
Γb1J dJ
′ + f(ψd0, t2), (84)
which is similar to Eq. (32), and f(ψd0, t2) is a function that is determined from the condition
∂Gd
∂ψd0
+ Γb1ψ = Jd0. (85)
Since Γb1ψ can also be written as
Γb1ψ =
∫ Jb0
0
∂Γb1ψ
∂J ′
dJ ′ + Γb1ψ|Jb0=0 , (86)
the equation for f(ψd0, t2) becomes
∂f
∂ψd0
= − α¯
∂β
∂ψd0
∣∣∣∣
Jb0=0
. (87)
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Note the difference between Eqs. (84) and (32), since we generally do not have Γb1ψ|Jb0=0 = 0. Finally the gauge
transformation (84) yields the new t2-term
Γ′b1t2 = −
∫ Jd0
0
∂Γb1J
∂t2
dJ ′ +
∂f
∂t2
+ α¯
∂β
∂t2
≡ Ft2(Jd0, ψd0, t2). (88)
Now we have our zeroth- and first-order bounce-center Lagrangian
Γb0 = −Kbdt2, (89)
Γb1 = Jd0dψd0 + Ft2dt2, (90)
where we have dropped the prime, with the extended Hamiltonian
Hb0 = Hb0 −Kb. (91)
From Γb0 and Γb1, we obtain the Euler-Lagrange equation for Jd0
dJd0
dt
= ǫ2
∂Ft2
∂ψd0
+O(ǫ3). (92)
Comparing Eqs. (89)-(91) with Eqs. (39)-(41), we find that the bounce-center and guiding-center equations are very
similar, except that in Eq. (89) we do not have the dβ term and in Eq. (90) we do not have the dya term. Thus
the Lie transform from the bounce-center coordinates to the drift-center coordinates will be very similar to the Lie
transform from the guiding-center coordinates to the bounce-center coordinates.
B. Lie Transform from (Jd0, ψd0; t,Kb) to (Jd, ψd; t,Kd)
The lowest-order drift-center Lagrangian and Hamiltonian are given by Γd0 = Γb0 and Hd0 = Hb0. The first-order
Lagrangian is given by
Γd1 = Γb1 − i1 · Ωb0 + dS1. (93)
Choosing S1 = 0 and substituting i1 · Ωb0 = −g
K
1 dt2 and Γb1 from Eq. (90) into Eq. (93), we obtain
Γd1 = Jd0dψd0 + (Ft2 + g
K
1 )dt2. (94)
The first-order Hamiltonian is then given by
Hd1 = Hb1 − g1 · dHb0 = −g
J
1ωd0 + g
K
1 , (95)
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where we have used Hb1 = 0. Note that Eqs. (94) - (95) look similar to Eqs. (52) and (55) and we omit the remaining
details here.
The first-order coordinate generators from the above Lie transform are
gJ1 ≡
∂S2
∂ψd0
= −ω−1d0 F˜t2 , (96)
gψ1 = −
∂S2
∂Jd0
, (97)
gK1 = −Ft2 , (98)
where a tilde in this Section indicates the drift-phase oscillatory part. Thus the overall coordinate transformation is
Jd = Jd0 − ǫ ω
−1
d0 F˜t2 +O(ǫ
2), (99)
ψd = ψd0 + ǫg
ψ
1 +O(ǫ
2), (100)
Kd = Kb − ǫFt2 +O(ǫ
2). (101)
The drift-center Lagrangian written in coordinates (Jd, ψd; t,Kd) is
Γd =
1
ǫ
Jd dψd −Kddt, (102)
and the drift-center Hamiltonian function is
Hd = Hd0 + ǫHd1 +O(ǫ
2), (103)
where Hd0 = Hb0 and Hd1 = −〈〈Ft2〉〉, with a drift-phase average denoted as 〈〈· · · 〉〉.
The drift-center equations of motion are obtained from the Euler-Lagrange equations
J˙d = 0, (104)
ψ˙d =
∂Hd
∂Jd
, (105)
K˙d =
∂Hd
∂t
. (106)
Equation (99) shows the first-order correction to the third adiabatic invariant. We can also write the oscillatory
part of Ft2 in another form by using Eq. (92) and
dJd0
dt
=
∂Jd0
∂t
+
∂Jd0
∂Kb
K˙b, (107)
which gives that
F˜t2 =
∫
dψ′d0
(
∂Jd0
∂t
+
1
ωd0
K˙b
)
, (108)
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where we have set ǫ = 1. Northrop [1] has shown that the first term on the right side of Eq. (107) can also be written
as
∂Jd0
∂t
= −ω−1d0 〈〈K˙b〉〉. (109)
With ∂Jd0/∂Kb = ω
−1
d0 , we find
F˜t2 = ω
−1
d0
∫
dψ′d0
(
K˙b − 〈〈K˙b〉〉
)
. (110)
Thus, Ref. [1] implicitly contains the first-order correction term to the third adiabatic invariant (see Eq. (3.80) on
page 64 of Ref. [1]), but Eq. (99) is an explicit expression.
V. SUMMARY AND DISCUSSION
In this work, we have presented the Hamiltonian theory of adiabatic motion of a relativistic charged particle and the
derivation of the first-order corrections to the second and third adiabatic invariants. The background electromagnetic
fields vary on the drift time scale when we consider the guiding-center motion and the bounce-center motion. The
effect of these time-varying background fields on the guiding-center motion is shown by the extra terms in the guiding-
center equations (13) and (14), compared to the guiding-center equations in Ref. [7]. The first-order correction to
the second adiabatic invariant of a relativistic particle is then shown in Eq. (66). To apply the adiabatic analysis to
the drift motion, we assume that the background fields vary on a time scale much smaller than the drift period. The
first-order correction to the third adiabatic invariant is shown in Eq. (99).
This work simplifies previous work on relativistic guiding-center motion, generalizes previous work on bounce-center
motion for a relativistic particle in time-varying fields, and extends previous work on drift-center motion using Lie-
transform perturbation methods in extended phase space. These results are especially useful in space plasma physics,
where adiabatic theory is the foundation for modeling and understanding the dynamics of magnetically-trapped
energetic particles.
The hierarchy of the adiabatic motions in this work may be shown as follows
(x,p; t,Wp)
g
−−−→

(X, p‖; t,Wg)
b
−−−→

(α, β; t,Kb)
d
−−−→

(t,Kd)
(Jd, ψd)
(Jb, ψb)
(Jg, ψg)
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where Jg is related to the first invariant µ by Jg = (mq/c)µ and ψg = θ. The first arrow (g) thus indicates the
gyro-phase average process, the second arrow (b) the bounce-phase average and the third arrow (d) the drift-phase
average.
In this paper we have shown how first-order corrections to adiabatic invariants can be obtained using Lie-transform
methods. Alternatively, the oscillatory part of the first-order correction to an adiabatic invariant can be obtained as
follows. Differenting the exact invariant
Jk = Jk0 + ǫJk1 + · · · , (111)
where k can be g, b or d, to lowest order gives
dJk
dt
=
dJk0
dt
+ ǫ ωk0
dJk1
dψk0
+ · · · = 0. (112)
Since Jk0 satisfies the necessary condition 〈
dJk0
dt
〉
k
= 0, (113)
where 〈· · · 〉k denotes the fast-angle average canonically conjugate to Jk, and we obtain the oscillatory part of Jk1 as
ǫJ˜k1 = −ω
−1
k0
∫
dJk0
dt
dψk0. (114)
The phase-independent part of Jk1 can be obtained by using the Lie-transform method.
The use of Hamiltonian theory in describing adiabatic motions results in equations that satisfy energy conservation
for time-independent fields and preserve phase-space volume naturally, in contrast to the results of Northrop [1]. These
conservation laws are very useful for checking numerical accuracy in simulations. Based on this work, fluctuations of
electromagnetic fields can be added to the background fields and equations of motion in the presence of electromagnetic
waves can be derived, as in Refs. [7], [9], and [15].
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